We develop a general formalism for the construction of (supersymmetric) gauge theories of volume-preserving diffeomorphisms (SDiff), focusing on the D = 3 superconformal SDiff 3 invariant 'BLG' theory describing a condensate of M2-branes.
Introduction
The M2-branes of M-theory may have boundaries on an M5-brane because the M2-charge can be taken up by the 2-form gauge potential on the M5-brane worldvolume [1, 2] . Following the determination of the M5-brane equations of motion [3] and the construction of its action [4] , it was verified that there exists a 'soliton-type' solution with this interpretation [5] . This possibility can also be understood from the M2-brane perspective in terms of its superalgebra [6] and is realizable in terms of an open membrane subject to appropriate boundary conditions [7] but not, for a single M2-brane, as a 'soliton-type' solution of the M2-brane equations of motion. This is hardly surprising given the disparity in dimension but one may imagine that multiple M2-branes could expand to generate the required extra dimensions as a 'fuzzy' 3-sphere, and an equation that might describe such a configuration was proposed by Basu and Harvey [8] . This equation led Bagger and Lambert to propose [9] , as a lowenergy limit of coincident planar M2-branes, a novel class of 3-dimensional maximally supersymmetric gauge theories based on Filippov 3-algebras, rather than Lie algebras; a similar framework was developed by Gustavsson [10] . Such gauge theories have the OSp(8|4) superconformal symmetry expected of an action for multiple M2-branes in a low-energy limit [11] , and they admit the Basu-Harvey equation as a 'BPS' equation for configurations preserving 1/2 supersymmetry. Explicit realizations of these BLG theories depend on the existence of Filippov 3-algebras; a particular 4-dimensional example, A 4 , was given by Bagger and Lambert and the corresponding BLG model has since been shown to describe the dynamics of two M2-branes on a orbifold [12, 13] . However, all other finite-dimensional Filippov 3-algebras with positive definite metric are direct sums of A 4 and trivial one-dimensional 3-algebras [14, 15] , so the nature of the action describing the low-energy dynamics of an arbitrary number of coincident planar M2-branes remains an unsolved problem. We shall not attempt to summarize the proposed solutions to this problem or the current state of play, but there are clear candidates for the N → ∞ limit, which should describe a condensate of planar coincident M2-branes. These are the BLG theories in which the Filippov 3-algebra is realized by the Nambu-bracket of functions defined on some 3-manifold M 3 [9, 16] . In this case, the BLG theory becomes an 'exotic' gauge theory for the group SDiff 3 of volume-preserving diffeomorphisms of M 3 [17, 18] . Since the fields of such a model depend not only on the three worldvolume coordinates of the coincident M2-branes but also on the three coordinates of M 3 , this action is effectively 6-dimensional. It has been suggested that this is a version of the M5-brane action [16, 17] but its detailed relationship to the standard M5-brane action is not yet clear because the most straightforward way to formulate the M5-brane as a 3-dimensional SDiff 3 gauge theory leads to the Carrollian limit of the BLG theory [18] .
The main aim of this paper is to put the Nambu-bracket realization of the BLG theory into a larger context by developing further the general principles of SDiff gauge theory. Recall that the Nambu n-bracket for n functions (φ 1 , . . . , φ n ) on a closed n-dimensional manifold M n with coordinates σ i (i = 1, . . . , n) is
where ε is the invariant antisymmetric tensor density on M n ; we choose to define this bracket as a scalar on M n by dividing by some fixed scalar density e on M n , which we may choose such that the volume of M n equals that of the unit radius n-sphere; one should not think of e as derived from a metric on M n because no metric will be used. Given any two anticommuting functions (B, C) on M n , one has the identity {B, . . . , B, {C, . . . , C}} = n{{B, . . . , B, C}, C, . . . , C} .
This is essentially the 'fundamental identity' of a Filippov n-algebra, which is therefore realized by the Nambu n-bracket of functions on M n . When M n = S n we may choose e to be the volume density of the unit n-sphere, in which case there is an n-dimensional subalgebra, A n , spanned by (n + 1) functions X a (a = 1, . . . , n + 1) subject to the constraint
For these functions,
For n = 2 the Nambu bracket is a Poisson bracket and we therefore have a realization of the Lie algebra su(2) by functions on S 2 . For n = 3 we have a realization of the four-dimensional Filippov 3-algebra A 4 by functions on S 3 . It is well-known that SDiff 2 gauge theories may loosely be considered as N → ∞ limits of SU(N) gauge theories in which the matrix commutator becomes the Poisson bracket of functions on a 2-sphere [19] . Such theories first arose from light-cone gauge-fixing of a relativistic membrane, and the application to the M2-brane yields a maximally supersymmetric gauge mechanics model in which the gauge group is the infinite-dimensional group of area-preserving diffeomorphisms of the sphere. Replacing the sphere by a fuzzy sphere yields a truncation to a maximally-supersymmetric SU(N) gauge mechanics model for some finite N [20] . This model can be interpreted as describing the dynamics of multiple D0-branes [2] , and is the basis of the M(atrix) model formulation of M-theory [21] . An analogous light-cone gauge fixing of (super) p-branes for p > 2 yields 'exotic' gauge mechanics models with an SDiff p gauge group [22] . We say 'exotic' because the gauge pre-potential (according to the terminology to be introduced in the following section) is a (p − 2)-form potential on M p , and only for p = 2 is this a function on M p and hence a Yang-Mills type potential.
In the context of gauge mechanics models, which we may view as examples of D-dimensional gauge theories for D = 1, there exist SDiff p gauge theories for any p, although supersymmetry restricts p. What we are interested in this paper is how, SDiff gauge theories may be constructed for D > 1. The answer to this question for p = 2 is known. Because SDiff 2 gauge theories are just standard, albeit infinitedimensional, Yang-Mills theories, any Yang-Mills theory that can be constructed for all SU(N) can also be constructed for SDiff 2 [23] . For example, one may choose the gauge group for the D = 4 N = 4 super-Yang-Mills theory to be SDiff(S 2 ), in which case we have a 6-dimensional theory that is presumably related to the M5-brane in a way that is analogous to the way in which the Nambu-bracket realization of the BLG theory is related to the M5-brane, but we shall not pursue this possibility here. Instead, we focus on possibilities for SDiff p gauge theories with p > 2. As we shall see, the possibilities are very restricted when D > 1 because of the difficulty in constructing a kinetic term for the gauge potential without a metric on M p . For p = 3 there is one possible kinetic term and that is the Chern-Simons-type term used in the Nambu-bracket realization of the BLG theory [17] , and this is available only for D = 3 (although its exterior derivative, which is the analog of an instanton density for Yang-Mills gauge theory, could be used for D = 4). There appear to be no interesting possibilities when p > 3, and for that reason we quickly focus on the p = 3 case.
We review the maximally-symmetric BLG theory in its Nambu-bracket realization as an SDiff 3 superconformal gauge theory, presenting a simple proof of the N = 8 supersymmetry. In particular, we show that the Fiertz identity needed for supersymmetry is a consequence of the Fiertz identity needed to construct the action for the D=11 supermembrane, as one might expect. We also give a simple proof of superconformal invariance. Although there is no free field limit of the BLG action, we show that one can take a free-field limit of the equations of motion. We also reconsider in our formalism the 1/2 supersymmetric solution of [9] representing the M2-brane soliton of [5] viewed from the M2 perspective.
SDiff gauge invariance
We are concerned with field theories in D-dimensional Minkowski spacetime, with cartesian coordinates x µ , and 'mostly plus' metric η µν . Let T be any Minkowski field that is also a tensor field on some 'auxilary' closed n-dimensional unit-volume manifold M n , with coordinates σ i , where the volume of M n is measured by means of a (non-dynamical) scalar density e which we assume to be independent of the D-dimensional Minkowski coordinates (so ∂ µ e = 0). The infinitesimal SDiff n trans-
where L ξ is the Lie derivative with respect to a parameter ξ that is a vector field on M n satisfying
This constraint is what guarantees that the diffeomorphism is volume-preserving.
Local SDiff invariance
The Minkowski spacetime derivative dT = dx µ ∂ µ T is again a tensor on M n as long as ξ is assumed to be independent of the Minkowski spacetime coordinates, but if we insist on local SDiff n invariance with a parameter ξ that may also depend on the Ddimensional Minkowski space coordinates, then we need to use the covariant exterior derivative
where the one-form-valued M n -vector field s satisfies the constraint
One may verify that
where the bracket [,] indicates a commutator of vector fields on M n . Note that the SDiff gauge transformation of ∂ i (es i ) is zero as a consequence of the constraint (2.2) on the parameter ξ. This formalism may be extended to tensor densities on M n . In particular, the SDiff gauge transformation of the scalar density e is zero because of the constraint (2.2). It can also be shown that
We define the 2-form field strength of s as
It has the SDiff gauge transformation 9) and satisfies the 'Bianchi' identity
We may write F = F i ∂ i , where
which satisfies the additional identity
Pre-gauge invariance
The constraints (2.2) and (2.4) may be solved, locally, by writing
where the (n − 2)-form ω (on M n ) is an unconstrained parameter, and A is an (n − 2)-form pre-potential on M n (in addition to being a 1-form on the D-dimensional Minkowski spacetime); its SDiff n transformation is
In addition, for n ≥ 3, we have the abelian pre-gauge transformation
for a parameter a that is an (n−3)-form on M n . Actually, we should view
as a closed (n − 2)-form on M n , so for n = 2 the 'pre-gauge' transformation is a constant shift of the scalar A. The 'pre-field-strength' 2-form
is SDiff n covariant but not, for n ≥ 3, pre-gauge invariant, since
The pre-gauge-invariant and SDiff covariant 2-form is the M n vector F i , since
We remark that the expression (2.16) is equivalent to
where ǫ 1|1...in are the components of an n-form ǫ defined such that
Actions
Actions that are invariant under local SDiff n gauge transformations can be constructed from Minkowski space tensors that are also scalars on M n via the SDiff covariant derivative. For example, for a scalar fields φ the Lagrangian density
is SDiff n gauge invariant, for any scalar potential V ; recall that we use a 'mostly plus' sigature for the Minkowski D-metric η. Given N ≥ n scalar fields, potentials may also be introduced via the Nambu n-bracket: a possible SDiff n invariant potential for any n scalar fields (φ 1 , . . . , φ n ) is
n=2
For n = 2, we can rewrite the SDiff covariant derivative, locally, as
where A is the SDiff 2 scalar pre-potential 1-form and {, } is the Nambu 2-bracket, alias the Poisson bracket of functions on M 2 ; i.e.
This makes D into a covariant exterior derivative of Yang-Mills (YM) type. Another special feature of n = 2 is that the 2-form G, which is a scalar on M n , is also pre-gauge invariant. In fact, 25) which is the standard YM field-strength 2-form for the group SDiff 2 . The SDiff 2 -invariant Lagrangian density
is the standard YM Lagrangian density.
n=3
For n = 3 the SDiff pre-field-strength 2-form is
There is no longer any way to form a standard YM Lagrangian density. In any case, G i is not pre-gauge invariant, so we should use the SDiff field strength F i instead, but there is still no way to form an SDiff 3 invariant from it. However, the following 4-form is both SDiff 3 invariant and pre-gauge invariant:
The pregauge invariance is guaranteed by the divergence-free condition (2.12). One may show that, locally
where
where, by definition,
The 3-form L CS is still pre-gauge invariant because of the constraint (2.4). It is not SDiff 3 -invariant but its SDiff 3 variation is a total derivative. In this sense, it is a 'Chern-Simons-type' 3-form for SDiff 3 , which can be used for D = 3 to construct a 'topological' kinetic term for the pre-potential A i . Note also, for any variation δA i of A i , that 
The n = 4 case is typical of the generic case. The pre-field-strength G ij is an abelian 2-form potential on M 4 , and the field-strength F i is (as always) a vector. As for n = 3, there is no way to construct an SDiff 4 invariant from products of F i , but neither is there a CS-type term because, e.g.
where B i is a new, independent, abelian vector gauge potential on M n , and a Minkowski (D − 2) form. However, the B i equation of motion will imply that F i = 0 unless B i has some other coupling, and it is not obvious what this could be. One could introduce yet more fields to 'soak up' indices but this starts to look more and more artificial. We shall not pursue further these possibilities in this paper although, as we mention in the final Discussion section, there are some reason to think that SDiff 4 gauge theory may be relevant to the M5 condensate.
Dimensional reduction: SDiff
Consider the following SO(N + 1)-invariant D = 3 SDiff 3 gauge theory Lagrangian for N + 1 scalar fields φ, ϕ :
where g is an arbitrary non-zero coupling constant. Let σˆi be local coordinates for the 'internal' 3-manifold M 3 . Let us suppose that the 'internal' 3-manifold of this theory takes the form
for some 2-manifold M 2 . In this case we may split the local M 3 coordinates such that
Under these circumstances, all fields may be expanded in Fourier modes on S 1 and one may truncate the theory by keeping only the constant modes on S 1 . In particular, this involves setting
It then follows that
42)
It also follows from the local solution of the divergence-free constraint on sˆi that es * = ε ij ∂ i A j , but if we return to the original constraint on sˆi, we see that this has been replaced by (2.42) so that s * is actually unconstrained in the trncated theory. The CS term 3-form is now
where G * is the S 1 component of G i , which is now the SDiff 2 field strength 2-form for A *
where m is a positive mass parameter. For m = 0 we are deviating from the straightforward dimensional reduction announced above, but we shall see that this is necessary if we are to arrive at an SDiff 2 gauge theory. For m = 0, consistency with the periodicity of σ * requires that ϕ/ √ m be periodic with period 2π. A feature of this 'generalized' dimensional reduction is that the Nambu brackets of the components φ I of φ are zero, but
where the 2-bracket on the RHS is the Poisson bracket of functions on M 2 . If we had included a potential term of the form (2.22) in our starting Lagrangian density (2.38) then we would end up with a quartic potential of the form
This observation is relevant to the dimensional reduction of the BLG model to be considered in the following section. A further consequence of our truncation is that
where we use D to indicate an SDiff 2 covariant derivative, which is just the Yang-Mills covariant derivative for the Lie algebra of SDiff 2 . The Lagrangian density (2.38) is thereby reduced to
Recalling that s * is now unconstrained, we see that it is now an auxiliary field, which may be eliminated by its equation of motion. Omitting a total derivative, and using the Yang-Mills Bianchi identity
we then arrive at the new Lagrangian density
This is a YM gauge theory for scalar fields φ coupled to an SDiff 2 gauge potential A ≡ A * . Note that the reduction breaks the initial SO(N + 1) symmetry to SO(N), essentially because we had to assume that ϕ is periodic with a period proportional to √ m. Note also that the truncated theory preserves parity, which is a further indication of the 'exotic' nature of the initial 'Chern-Simons' term; it is not a ChernSimons term of Yang-Mills type.
N = 1 Susy SDiff 3
It is straightforward to construct N=1 supersymmetric actions invariant under SDiff 3 gauge transformations for D = 3. We will need to introduce 2 × 2 Dirac matrices γ µ , which we may choose such that
We will also need to introduce the D = 3 charge conjugation matrix C, which is real antisymmetric, and equal to γ 0 in a real representation for the Dirac matrices. Note that the matrices Cγ µ are symmetric. For a Majorana spinor, λ say, the Dirac conjugate equals the Majorana conjugate, sō
where the superfix t indicates 'transpose'. Let us consider first the supersymmetric extension of the 'CS' term. This is
where λ i is an anti-commuting 1-form on M 3 that is also a D = 3 Minkowski space Majorana spinor (we suppress spinor indices). The corresponding action is invariant under the infinitesimal supersymmetry transformations
where G µν i are the components of the pre-field-strength 2-form G i , and ǫ is a constant anticommuting Majorana spinor parameter. The coefficient 1/ √ 2 is introduced here for later convenience.
We may couple to this 'CS' theory any number of scalar multiplets with component fields that are scalars on M 3 . For simplicity, we consider a single scalar multiplet with scalar field φ and two-component Majorana spinor field χ. Consider the Lagrangian density
for any real (superpotential) function W (φ). This is not supersymmetric by itself, but the Lagrangian density
is invariant under the combined transformations of (3.4) and
If we now add these two N = 1 supersymmetric Lagrangian densities, introducing a coupling constant g to allow for different relative weights, we have
The λ i equation of motion determines λ i only up to a total M 3 derivative because this is clearly a gauge invariance of the action; we may fix this gauge such that
The net result is the Lagrangian
This is invariant, omitting a total spacetime derivatives, under the infinitesimal supersymmetry transformations
The 'CS' term is essential for the invariance, and also needed is the Fiertz identity
Superspace
We now aim to recover the above model using superspace techniques. We begin by writing the superspace exterior derivative as
where (E α , E µ ) are a basis of 1-forms on superspace such that the 2-component Majorana spinor derivative D α has the anti-commutator
14)
The fields (φ, χ) combine to form a single superfield φ such that √ 2D α φ = χ α . As is customary, we use the same symbol to denote both a superfield and its first component since when these components are defined in terms of spinor derivatives (rather than by superfield expansion) each component equation may be interpreted as a superfield equation.
SDiff gauge fields are introduced via the SDiff covariant superspace exterior deriva-
where, for example,
The components (ς, s) of the superspace SDiff potential Σ, both of which are superfields, are related by the requirement that 19) which implies that
Using this, one may show that the 'matter Lagrangian density of (3.6) is reproduced, on elimination of auxiliary fields, by the superspace Lagrangian density
To verify this one should use the superspace integration measure
. To write the superspace Lagrangian for the CS-type term we first solve the divergefree constraint on Σ by writing
where Λ i is the superspace pre-potential; in terms of its (superfield) components (λ i , A i ), we have
Next, we introduce the superspace SDiff field-strength 2-form
This can be written, locally on M 3 , in terms of a superspace pre-field-strength G i as
The superspace 4-form d 3 σ eF i G i is both SDiff and pregauge invariant, but we cannot use it to construct directly the superpace integrand for the CS-type term. However, using the techniques of [25, 26] we may map the 'CS' superspace 3-form to the CS-type Lagrangian density
One may verify that this reproduces (3.3) in the Wess-Zumino gauge. We should mention before continuing to the Nambu-bracket realization of the N = 8 supersymmetric BLG theory that an N = 1 superspace formulation of the abstract BLG theory has been proposed in [27] . Here we shall consider only the component formulation since we wish to maintain manifest the SO(8) symmetry of the BLG model. This would be compatible with an N = 8 superspace formulation of it but it is unlikely that there exists any off-shell N = 8 superspace action.
BLG
Let φ I (I = 1, . . . 8) be a Spin(8) 8 v -plet of real scalar fields, and ψ A (A = 1, . . . 8) a Spin(8) 8 s -plet of Majorana anticommuting Sl(2; R) spinor fields, both on the cartesian product of 3-dimensional Minkowski spacetime with some 3-dimensional closed manifold without boundary, M 3 . Let ρ I be the Spin(8) 'sigma' matrices, and ρ I their transposes, as in [18] . Note that the matrix
is antisymmetric in its spinor indices. We also definẽ
Now consider the following Lagrangian density
where g is a real dimensionless parameter, and Spin (8) indices are supressed. The CS term has the property that
The action is invariant, dropping surface terms, under the following infinitesimal supersymmetry transformations with 8 c -plet constant anticommuting spinor parameter ǫȦ (Ȧ = 1, . . . , 8):
To verify this, one needs the 'fundamental' identity, and the Fiertz identitỹ
Fiertz identity
Let us pause to prove (4.6). The LHS can be rewritten by a Fiertz rearrangement as
where the overall sign is plus because dψ is commuting, and O A is a complete set of the 16 × 16 matrices formed by tensor products of (1, γ µ ) with (1, ρ IJ , ρ IJKL ). Actually, the only matrices of this type which contribute are those for which CO A is symmetric (because dψ is commuting). This means that we have only to consider
It should be clear that the first two of these will produce terms of a type that already appear on the LHS of (4.6) whereas the third does not. However, this 'third' matrix gives a contribution proportional to
where we have used γ µ γ ν γ µ ≡ −γ ν . But this contribution is zero as a consequence of the identities
This implies that S µ is part of a supermultiplet that contains the 'improved', because trace-free, energy-momentum stress tensor, which in turn implies that the model is superconformal invariant.
Note that g cannot be set to zero in the action because of the CS term. In fact, g may be set to unity without loss of generality because, when g = 1, the scaling
has the effect of removing g except for an overall factor of g due to the d 3 σ integral.
Equations of motion and the free-field limit
The equations of motion are (4.20) where the matrix ρ * , defined by 26) squares to the identity. Thus, we have 1/2 supersymmetric solutions of the form
with all other fields equal to zero [9] . Let T be the M2 tension, and define the rescaled field with dimensions of length, 29) which shows that at fixed x 1 we have a 3-sphere of radius r = 1/ √ 2gT x 1 . This goes to infinity as x 1 → 0, which means that the M2-branes have expanded to a planar 5-brane at x 1 = 0. From the 5-brane perspective, there is a membrane 'spike' with 3-sphere cross section such that
This solves the Laplace equation on E 4 , in polar coordinates (r, θ, ϕ, ξ). In other words we have a BIon spike, representing M2-branes ending on an M5-brane.
Discussion
It has been widely assumed that gauge potentials on Minkowski spacetime may interact consistently only via the Yang-Mills interaction. While this may be the case for D = 4 gauge theories, there are other possibilities for D = 3 that have been discovered recently, starting with the work of Bagger and Lambert, and Gustavsson. These other possibilities are based on Filippov 3-algebras rather than Lie algebras, although other possible 3-algebras are also under investigation in this context [29] . One simple realization of a Filippov n-algebra is via the Nambu n-bracket of functions defined on a closed n-manifold M n . This bracket is invariant under the group SDiff n of volumepreserving diffeomorphisms of M n , which acts infinitesimally on functions via the Lie derivative with respect to divergence-free vector fields. For n = 2, such a vector field is determined locally by a function on M 2 , so the Filippov 2-algebra of functions on M 2 is just the Lie algebra of the group SDiff 2 of area-preserving diffeomorphisms of M 2 . For this reason, the SDiff 2 covariant derivative becomes a Yang-Mills derivative and the construction of SDiff 2 gauge theories then follows the Yang-Mills paradigm.
In contrast, for n = 3 one gets 'exotic' gauge theories invariant under SDiff 3 transformations that are local on the Minkowski spacetime, but for which the covariant derivative is not of Yang-Mills type.
In this paper we have developed a general formalism for the construction of SDiff n gauge theories. A feature of the formalism is that the SDiff n gauge potential oneform is also a vector field on M n that may be expressed in terms of a 'pre-potential' one-form, which is an (n − 2)-form potential on M n with its own abelian 'pregauge' invariance when n ≥ 3. Similarly, the SDiff n covariant 2-form field strength is expressible in terms of an SDiff n -covariant, but not pre-gauge invarant, pre-field-strength. Acceptable Lagrangian densities constructed from these geometric objects must be both SDiff n invariant and pre-gauge invariant. A strong restriction is imposed by the requirement that no metric on M n should be introduced, although a density is allowed. The reason is that a metric would transform under SDiff n , so to restore SDiff n gauge invariance we would have to view it as a dynamical variable, but then we would no longer be in the realm of Minkowski space field theory. A density is allowed because this is SDiff n invariant, and this means that we are not restricted to consider only topological invariants of M n . Even so, it seems impossible to construct a non-trivial kinetic term for the SDiff gauge pre-potential when n > 3 and for n = 3 there is essentially a unique possibility, which is of 'Chern-Simons-type' in the sense that it is constructed as a three-form potential of an invariant 4-form although its construction is otherwise quite different. This term is implicit in the Nambu-bracket realization of the BGL theory, which was first considered by Bagger and Lambert, although the CS-type term appears first in [17] . The associated invariant 4-form is one of the new result of this paper, and our presentation of the Nambu-bracket BLG theory is, we believe, simpler than the previous presentations.
In the special case that M 3 = M 2 × S 1 , one may perform a 'generalized' dimensional reduction to arrive at an SDiff 2 Yang-Mills gauge theory. Applied to the BLG-theory, which is a conformal theory with OSp(8|4) symmetry, one gets the non-conformal maximally supersymmetric D = 3 Yang-Mills theory for the group of area-prserving diffeomorphisms of M 2 , which may be loosely viewed as an N → ∞ limit of SU(N). An important open question is what the analog of this connection is for finite N; in other words, what is the conformal theory describing the low-energy dynamics of N coincident M2-branes that has as its N → ∞ limit the BLG theory? It appears that the required algebraic structure cannot be a Filippov 3-algebra, presumably because the 'fundamental' identity of these algebras is violated by terms that are sub-leading in a 1/N expansion, but there is not yet any consensus as to what the correct framework might be.
Another outstanding problem is the nature of the D = 6 conformal field theory governing the low energy dynamics of N coincident M5-branes. In light of what we now know about multiple coincident M2-branes, it seems likely that this problem will simplify in the N → ∞ limit. If a condensate of M2-branes may be viewed, in some sense, as an M5-brane, then is there some similar sense in which an M5 condensate could be viewed as a yet higher-dimensional M-brane? Recalling that the recent advances in the M2 case were prompted by the Basu-Harvey proposal that the boundary of multiple M2-branes on an M5-brane might be understood in terms of fuzzy 3-spheres, it is natural to reconsider the implications of the recent demonstration [30] that an M5-brane can have a boundary on an M9-brane, which is a boundary of the 11-dimensional bulk spacetime of M-theory. This suggests that the M5 condensate might involve an auxiliary 4-space, which might be a 4-sphere that becomes a fuzzy 4-sphere for finite N. In turn, this suggests a possible role for an SDiff 4 gauge theory, although we have little idea how this might work.
